High-order-harmonic generation (HHG) is a tabletop and tunable source of extreme ultraviolet (XUV) light. Its flexibility was lately evidenced by the production of Laguerre-Gaussian (LG) modes in the XUV with a known azimuthal index. Here we investigate the role of the radial index of LG modes in HHG. We show both numerically and experimentally that the mode content of the emitted XUV radiation can be tuned by controlling the weight of the different quantum trajectories involved in the process. The appearance of high-order radial modes is finally linked to the atomic dipole phase of HHG. These results extend the capabilities of shaping the spatial mode of ultrashort XUV pulses of light.
I. INTRODUCTION
In many areas of physics, intriguing and unexpected behaviors have been linked to the presence of topological singularities. Optics has its own singularities that occur whenever a quantity such as the phase or the polarization of the electromagnetic field cannot be defined [1] . A preeminent example of such field is that of the Laguerre-Gaussian modes, which possess a phase singularity in their center. They have been used in a plethora of different applications, mainly because they carry a well-defined orbital angular momentum (OAM) [2] .
The Laguerre-Gaussian (LG) modes form a complete set of solutions to the paraxial wave equation, and are indexed by two mode numbers, denoted as and p, respectively called the azimuthal and radial indexes. These names stem from the fact that along the azimuthal coordinate θ , the phase of these modes goes as θ , while their radial profile shows p + 1 concentric rings for > 0.
Until recently, the production of LG modes was mastered only in the visible and infrared spectral range. Three separate works [3] [4] [5] recently demonstrated that this could be extended in the extreme ultraviolet (XUV) range using high-order-harmonic generation (HHG) in gases. By focusing an infrared laser in an atomic or molecular target, HHG is able to produce ultrashort pulses of XUV light made of many harmonics of the driving field. The aforementioned works showed that if the driver is a ( 1 ,0) LG mode, each emitted high-order harmonic will be a LG mode as well. In particular, it was shown that the azimuthal index of the qth harmonic, q , can be chosen to be unity if the generating medium is long [3] , equal to q × 1 for thinner media [4, 5] , or tuned to some extent using two generating beams [6, 7] .
These results open up many possibilities of fundamental studies such as the exchange of OAM in light-matter interactions [8, 9] . Moreover, they are an example of refined structuring of the light spatial mode in the XUV, a difficult but promising task [10, 11] . * romain.geneaux@cea.fr Hitherto, none of these studies tackled the question of the radial index, p, of the generated modes. The situation was long similar in the visible range, where p has been dubbed the "forgotten quantum number," before its physical significance was more thoroughly investigated [12, 13] . The radial index came to be used in quantum optics, where it enabled producing entangled states of impressively high dimension [14, 15] . Even in less fundamental studies it has found several purposes; for instance, modes with high values of p revealed self-healing properties similar to Bessel beams [16] , can overcome the diffraction limit when strongly focused [17] , or turned out to be paramount when extreme interferometric stability is needed [18] . Controlling both the and p indices in HHG is thus an access road to a full shaping of XUV and ultrashort pulses.
In the present work, we study the role of the radial index in high-order-harmonic generation driven by a Laguerre Gaussian mode (LG-HHG). First, we perform a numerical simulation showing that it is possible to produce multiringed intensity patterns, characteristic of p > 0 modes, by controlling the weights of the quantum trajectories of HHG. We then conduct the experiment, which demonstrates the possibility of continuously going from a single-to a multiringed intensity pattern for the XUV radiation. Finally, we discuss the creation of these p > 0 modes in LG-HHG and track their appearance back to the atomic dipole phase of HHG.
II. NUMERICAL SIMULATION OF LG-HHG
To realistically describe HHG, the process has to be considered at the microscopic and macroscopic scale. At the single-atom level, the Lewenstein model [19] shows that two different quantum paths can be identified [20] , the so-called "short" and "long" trajectories. At the macroscopic scale, the contribution of all atoms in the interaction region must be coherently summed and the resulting emission is governed by the phase-matching conditions. With an usual Gaussian driver, the short (respectively, long) trajectory is better phase matched if the focus of the generating laser is slightly before (respectively, after) the gas medium [20] .
When the driving beam is given a Laguerre-Gaussian profile, the microscopic process is not expected to change, for if we stay well in the paraxial regime, the beam is still seen as a plane wave at the atomic scale. On the other hand, the transverse profile of a Laguerre-Gaussian mode will influence phase matching. This has been known for a long time for other kinds of non-Gaussian modes, such as truncated-Bessel modes [21, 22] . Let us recall the expression of the electric field of the ( ,p) LG mode in the (r,θ,z) cylindrical coordinates, omitting the normalization constants:
where w(z), R(z), and χ (z) are, respectively, the beam waist, wave-front curvature, and Gouy phase, and L | | p are the generalized Laguerre polynomials, which are responsible for the multiringed patterns of p > 0 modes.
To understand the interplay between the quantum paths and the p mode content of HHG, we carry out a numerical simulation of LG-HHG taking into account all aspects of a real experiment, including the propagation of the infrared beam toward and inside the gas target. We consider an incident Gaussian laser beam of 6.25 mm waist and 50 fs duration, numerically propagated through a spiral phase plate, which adds the e iθ transverse phase of the (1,0) LG mode [23] . It is then focused by a 1 m focal length lens in a 500-μm−wide Lorentzian argon gas jet, where high-order harmonics are emitted. The details of the model, which accounts for the full three-dimensional propagation of the beam including dispersion, can be found in Ref. [5] . The calculation is repeated for three different values of z 0 , the position of the laser focus compared to the center of the generating medium. The intensity profiles obtained in the far field are displayed in Fig. 1 .
When z 0 < 0, the intensity pattern shows a single ring, reminiscent of a p = 0 mode. On the contrary, the profile for z 0 > 0 is multiringed. It seems richer in the intermediate z 0 = 0 case. These patterns can be deciphered by looking at the two trajectories separately, which is done by choosing one solution of the saddle-point equations. This yields the profiles presented in the bottom row of Fig. 1 . This shows that the short (respectively, long) trajectory contribution shows one (respectively, several) ring(s). Interestingly, phase matching does not appear to be drastically modified by the infrared LG mode, for the selection of one quantum trajectory follows the same behavior as in the Gaussian case. Nevertheless, it is probable that the LG mode modifies finer details of phase matching-such as efficiency as a function of various generation parameters-similarly to what is observed in the visible range [24] , but this goes beyond the scope of our study. Finally, the intricate profile of the intermediate z 0 = 0 case appears as the result of quantum path interference, an effect well known in HHG driven by Gaussian beams [25] .
III. EXPERIMENT

A. Setup
We now set to measuring the multi-ringed patterns of Fig. 1 experimentally. The experiments were done using the LUCA laser server at CEA Saclay, which delivers 30 mJ, 50 fs, 800 nm pulses at 20 Hz. In this rather typical Ti:sapphire laser chain, a hollow core fiber is added right before the compressor, which filters the laser spatial profile and guarantees an almost perfect Gaussian mode [26] . This mode is then converted using a 16-level spiral phase plate (SPP) (SILIOS Technologies), which yields a 77.5% pure (1,0) Laguerre-Gaussian mode [27] . A 1 m lens (L) focuses the beam into an argon gas jet provided by a piezoelectric-driven valve (Attotech).
The numerical results presented above show that we need to spectrally separate and measure the two-dimensional (2D) spatial transverse profile of the emitted harmonics. To disperse the different harmonics, typical HHG setups use cylindrical gratings which focus each spectral component in one dimension, eventually yielding a spatiospectral measurement. Clearly, such gratings cannot be employed to image the patterns of Fig. 1 . To solve this issue, we opt for a simple and cost-effective design initially proposed in Ref. [28] . Since the spectral resolution needs only to be good enough for the harmonics not to overlap, we use a flat grating of which only a few grooves are illuminated. The complete setup implementing this idea is sketched in Fig. 2(a) . First, the harmonic radiation is reimaged by a toroidal mirror (TM) coupled with a silica plate (SP), which filters most of the remaining generation beam. The beam is then reflected off a spherical mirror at a 10
• incidence angle. This mirror is treated with a B 4 C coating (Fraunhofer Institute), which has a reflectivity higher than 10% in the 30-800 nm spectral range. Close to the focus of this mirror, the beam strikes a flat diffraction grating (600 grooves/mm, Spectrogon) at 6 the harmonic profiles. The harmonics are finally selected by a slit before being imaged by microchannel plates (MCPs) coupled to a phosphor screen, imaged by a 12-bit CCD camera (Basler). This design does not use any sophisticated optics, resulting in an extremely low cost compared to typical spectrometers used in HHG while minimizing spatiospectral couplings.
B. Results
Just as we did numerically, the relative weights of the quantum trajectories are controlled by varying z 0 , which in practice is simply the position of the lens. Figure 2(b) shows the evolution of the intensity profiles of harmonics 11-15 when z 0 is changed over 1.2 cm.
We observe a series of cylindrically symmetric rings, evidence that we indeed measure the spatiospatial harmonic profiles and not a spatiospectral convolution. For z 0 = −0.2 cm, the harmonics show only one ring, reminiscent of the short trajectory contribution in Fig. 1 . At z 0 = 0, an additional ring appears inside the former, which can be interpreted as quantum path interferences following the prediction of Fig. 1(b) . Then, more divergent concentric rings keep appearing as z 0 is increased. As explained above, these rings are due to the long trajectory of HHG and suggest the generation of p > 0 Laguerre-Gaussian modes. To further strengthen this claim, in the following part, we turn to numerical calculations to track how additional p > 0 modes could be created in LG-HHG.
IV. MODAL ANALYSIS OF LG-HHG
As shown in Refs. [13, 29] , p is a quantum number associated to an operator acting on the light field, the expression of which is also given in those references. These works show that just as linear momentum is related to translation, or angular momentum to rotation, p is related to the dilatation along the radial coordinate. Therefore, just as any external torque modifies the angular momentum of a system, any effect affecting the radial dilatation of the beam will modify the p mode content of the light field. Two such effects can be identified in HHG:
(1) The nonlinearity of HHG: if a process has an order of nonlinearity n, the emitted field goes as E out = E n in . Using Eq. (1) we see that if E in is a LG mode with p > 0, E out is not a pure LG mode.
(2) The atomic dipole phase: the spatial phase of the harmonic field varies linearly with the infrared intensity I IR . It can be written as φ at (r,θ ) = α traj I IR (r,θ ), where α traj is a constant which depends on the quantum trajectory [20] . Here, φ at (r,θ ) will be ring shaped, following the intensity of the driving Laguerre-Gaussian mode.
To study these effects, we adopt a simpler description of HHG, which will allow us to repeat the calculation for a large number of parameters. From now on we neglect all effects due to neutral and plasma dispersion, propagation, and depletion in the gas jet. The gas medium is considered as an infinitely thin atomic plane, where HHG occurs. This approach neglects longitudinal effects and was used in Refs. [30, 31] . It is valid as long as we stay away from larger interaction volumes such as the case of Ref. [3] .
First, the infrared field is numerically propagated through the SPP and then toward the focus, where it reaches a peak intensity of 1.2 × 10 14 W/cm. From this intensity, the ionization rate is computed using the Ammosov-DeloneKrainov formula [32] and the harmonic field is obtained in the strong-field approximation [19] . It is then propagated in the far field and decomposed onto the Laguerre-Gaussian basis. The complex coefficients of this decomposition, denoted as c ,p , give the contribution of the ( ,p) LG mode. In Fig. 3 , we show separately the result for the two quantum trajectories in the case of the 19th harmonic. Remarkably, we see that the (19,0) mode accounts for 98.9% of the short trajectory contribution: the harmonic field is even purer than the driving field itself. This is a result of the high nonlinearity of the process, in which the fainter rings of the p > 0 modes constituting the infrared field do not contribute. We can therefore rule out effect (1) as the source of additional p modes.
The long trajectory contribution behaves differently. Its modal decomposition shows that the (19,0) mode only constitutes 52% of the total emission, which is actually made of a large number of modes with p ranging from 0 to 30. The relative phase of these modes is such that their interference leads to a single ring at focus, but since they have different Gouy phases [see Eq. (1)], the relative phases vary until the distance of propagation reaches the Rayleigh range. As a result, the intensity of the emission shows a multiringed pattern in the far field, as evidenced in the right panel of Fig. 3 . This contrast with the short trajectory can be explained by the atomic dipole phase, which is much stronger for the long quantum path: the proportionality coefficient is typically α long ∼ −20 × 10 −14 cm/W, while α short ∼ −1 × 10 −14 cm/W. We can therefore conclude that the atomic dipole phase φ at allows for a control of the p mode content of the emission, by tuning the weight of the quantum paths.
Finally, since φ at can be written as φ at (r,θ ) = α traj I IR (r,θ ), it should also be possible to tune the p mode content by controlling the intensity of the infrared field. We repeat the previous calculation when the peak infrared intensity varies from 1 to 2.4 × 10 14 W/cm. Figure 4 shows the ( = 19,p) mode decomposition for each intensity value and each trajectory. We see that even at high intensities, the short trajectory contribution is always strongly dominated by the (19,0) mode. On the other hand, the number of p modes of the long trajectory can be continuously increased by raising the infrared intensity. Another observation is that although modes with high values of p contribute to the emission, it is nowhere close to a pure ( ,p) LG mode. If XUV high-order vortices with high purity are required, other schemes of generation will be needed. For instance, driving HHG directly with a p > 0 infrared beam might lead to interesting mode contents in the XUV, although we have seen that outer rings tend to contribute less due to the nonlinearity of HHG. 
V. CONCLUSION
In conclusion, we have demonstrated the link between the quantum paths of HHG and the radial index of the emitted extreme ultraviolet vortices. We demonstrated both theoretically and experimentally that controlling the weight of these quantum trajectories produced very different intensity patterns for the harmonic emission. These patterns were then explained by the creation of new p modes by the atomic dipole phase, a well-known quantity in conventional HHG. First, our work demonstrates that previous experiments of LG-HHG in similar conditions [4, 5] measured highly pure ( q ,0) LG modes and not a superposition of several modes of various radial indexes. Second, we extended these experiments and showed the generation of LG modes in the extreme ultraviolet, this time with high p values. Additionally to this short wavelength, the emitted radiation shows a rich attosecond time structure, as theoretically investigated in Ref. [33] . The control of this additional quantum number in this attractive spectral and temporal range is a step toward tailoring more complex and refined XUV light sources for fundamental studies and applications.
